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A NOTION OF EQUIVALENCE FOR
STURM-LIOUVILLE OPERATORS

ABDON EBANG ELLA* AND UN CiG J1**

ABSTRACT. In this paper we introduce a notion of equivalence for
Sturm Liouville operators in the sense of Pearson equation. As a
main result, we prove that a given Sturm Liouville operator and a
real-valued polynomial of degree at least one of this Sturm Liouville
operator have the same Pearson equation.

1. Introduction

Throughout this paper, we use the standard notation Ny := N U {0}.
For each n € Ny, P, denotes the class of all algebraic polynomials of
degree exactly n. The set of all probability distributions on R with
finite moments of all orders is denoted by Probs(R), i.e., for all p €
Probs (R), we have

g = / a*u(dz) < co, Vk € Ny.
R

Let X be areal-valued random variable with the probability distribution
w:= px € Probs(R). It is known from [4, 13] that there exists an or-
thogonal system (®,,),en, of monic orthogonal polynomials in L?(R, u),
with @y = 1, associated with Jacobi sequences (wp)nen C (0,00) and
(an)nen, € R, such that

(x — an)Pp(z) = Ppyi(x) + W Pr_1(x), VneNp

with convention wy®_; = 0, and
(@i, Pr) 2R ) = / D,y (1) Py () p(dz) = w1 - Wpbpmn, V(m,n) € N3,
R
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where 0,,, is the Kronecker delta. Denote by Fg( the subspace of
L*(R, ;1) spanned by monic orthogonal polynomials (®,,)nen,. Krall [9]
proved that, on the orthogonal gradation

(1.1) =P r.=pc o,

neNp neNy

and under certain conditions on p € Probo(R) and its associated mo-
ments (fn)nen,, it is possible to construct a differential operator Ly of
order NN such that

(1.2) Ly®, = P,, Vn e N,

where (Ap)nen, are eigenvalues. Recently, the differential operator Ly
has been studied within the quantum language by Accardi et al. [2],
Dutta et al. [5] and Ji [7] following the bridge established by Accardi
and Bozejko [1] between orthogonal polynomial theory and the notion
of one-mode interacting Fock space, which becomes a fundamental tool
in the study of quantum theory.

The aim of this paper is to study the differential operator Ly in the
quantum sense started in [2, 5, 7] (see also references therein). Section
2 provides an overview of Sturm-Liouville operators. In Section 3, an
equivalence notion on the class of Sturm Louiville operators, namely,
equivalence in the sense of Pearson equation is introduced. As a main
result in this paper, we prove that a Sturm-Liouville operator Ly and
P(Ly), where P has degree at least one, are equivalent in the sense of
Pearson equation (see Theorem 3.3).

The notion of equivalence can be applied to the problem exhibited in
[2] and relative to the characterization of real-valued random variable of
finite type.

2. Sturm Liouville operator

In this paper, unless otherwise specified, all probability distributions
are elements of Proby (R) and having a probability density function fx.

2.1. Differential operator of finite order

In [12], Stan et al. have introduced the notion of faithfulness for a
gradation in the multi-dimensional case (see Definition 4.2 in [12]). In
our context, we will restrict their approach to one dimensional case and
orthogonal gradation (1.1).
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DEFINITION 2.1. Let k € Z be a fixed integer. A linear operator T
acting on I'} is said to be k-faithful to the gradation (Py)nen, if, for
every n € Ny,

ir¢%/g ¢%+k>
with the convention that P,, := {0} for all m < 0.

The following result, due to Stan et al. [12], plays a fundamental role
in the representation of operator Ly, described as in (1.2), in terms of
differential operators with polynomial coefficients (see [2]).

THEOREM 2.2 (Theorem 4.3 in [12]). If a linear operator T', acting on
Fg(, is k—faithful then there exists a unique sequence of complex-valued
polynomials (pp,)nen,, with

deg(pn) <mn+k, Vn e Ny,
such that for all g € I‘ , we have

= Z pn(z)07 Z pn(2)g™ (2

neNp neNp

where ¢g\") denotes the n—th derivative of g. In other words, on I'} Y, we
can write

(2.1) =Y pu()or
n€Np

Such an operator T, given as in (2.1), is called a differential operator.
The following definition was introduced by Accardi et al. in [2].

DEFINITION 2.3. A differential operator T acting on 1“9( is said to be
of finite order if there exists an integer N € N such that

(2.2) T = Zpk )0k with py #0.

Such a T', described as in (2.2), is called a differential operator of order
N. The algebra of all finite order differential operators acting on I' Y is
denoted by P[z,d,]. In (2.2), if N = oo then T is called differential op-
erator of infinite order and we denote by P[[z, 0,]] the algebra consisting
of all differential operators of infinite order.
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2.2. Differential representation induced by smoothness of
density

In this section, we will exhibit some properties induced by differential
operator 9, acting on I'.

PROPOSITION 2.4. [2, Lemma 3.4] Let fx be a probability density
function defined on (a,b). Then

where

(2.3) Bx) == —(log(fx(x)))’

and 0 is interpreted as the quadratic form defined on the set of pairs
of differentiable functions &,n € L*(R, fx (x)dx) satisfying

(24) E@m(@)fx @), = mE@n(e) fx (@) = ImE(n(e) fx (@) = 0.

From Proposition 2.4, it is clear that if fx is differentiable on (a,b)
such that

_ r_ (Ux(@)
M@——@ﬁh@m—ﬂ-hm)

is a polynomial and satisfies the boundary conditions
(2.5) lim p(x) fx () = lim p(x) fx () = 0,

then (9;)* is a well-defined operator, as adjoint of 9,, acting on T'%.
Furthermore, if fx € C*(a,b), then for any differential operator T" =
fozo te(z)0F € Plx, ;] acting on 'y, the adjoint T is well-defined as
differential operator in P[x, d,] and acting on I'}.

In the rest of paper, we assume that the probability density function
fx is a C*°-function on (a, b) and satisfies the boundary conditions (2.5).

2.3. Definition and some properties

In this section, we revisit the (generalized) Sturm-Liouville operator
and some key results related to it discussed by Ji [7] and by Accardi et al.
[2]. We begin by recalling the definition of a Sturm-Liouville operator.

Recall that, for any a € C, (a); denotes j-th falling factorial of a
defined by

(a)o:=1, (a)j=ala—1)---(a—j+1), VjeN.
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DEFINITION 2.5. Let X be a real-valued random variable and let fx
be its probability density function on (a,b). We denote by (®,)nen, the
orthogonal system of monic orthogonal polynomials with respect to fx.
An N-th order differential operator given by

N
LN — Z O-k‘(x)alga
k=1

where o (z) = Z;‘ﬂ:o U;wwj is real-valued polynomial of degree at most
k € {1,..,N}, with oy # 0, is called an N—th order Sturm Liouville
operator associated with fx if Ly is self-adjoint and satisfies

N
(2.6) Ln®, =XPn, Ay = Zaj,j(n)j7
j=1

with convention that Zjvzl 0']2-0- # 0.

The following result establishes the connection between Sturm Li-
ouville operator, acting on I'Y., and probability density function fx of
real-valued random variable X.

THEOREM 2.6. Let X be a real-valued random variable with the
probability density function fx on (a,b). Consider an operator H acting
I'% given by

N
H =Y o(x)0} € Plz,0,].
k=0
Then we have
(2.7)
N / k
co e (U0 e
=2 (g ) o
N N | ) (42)
= —1)™ L (DM k
—kZ:O m§:jk< 1) j1+j§:mjl!j2!k!< m(@) W S | O

and then H = H* (i.e., H is Hermitian) on '} if and only if N € 2N
and, for all k € {0,1,..., N}, it holds that

S m! i Ux (@)
e8) S Y @) B o),

m=k J1-+izth=m Jx(@)
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Proof. For the explicit proof, see [7]. O

In (2.8), by taking k = N — 1, we see that fx is a solution of the
following differential equation (see [5]):

(2.9) Non(z)y + (N (on(z)) — 20n_1(2))y = 0.
The equation (2.9) is sometimes called a Pearson equation (of type V)
associated with the Sturm Liouville operator L.

By solving the Pearson equation (2.9), without considering the bound-

ary conditions (2.5), we find that the probability density function fx
associated with Ly is given by

C 2 [Ton-1(s)
2.10 = — —d i b
210)  fx0) = en{x [Pl we @),
where C' is the normalization constant.

In the following examples we list two important examples of second
order Sturm Liouvile operator extensively studied by Accardi et al. [2].

EXAMPLE 2.7. Suppose that fx is the probability density function
of a standard Gaussian random variable X given by

(2.11) fX(az):\/%re_f, vz € R.

As shown in [2], the Sturm-Liouville operator associated with the stan-
dard Gaussian variable X and its eigenvalues (A, )nen, are given by

(2.12) Ly =20, — 9%, M\, =n, VnécN.

T

ExamMpLE 2.8. If fx is the probability density function of a gamma
random variable X given by
1
(213) fX(l’) = 7a($) = T)xa_le_Q;? o > 07 Vo € (0’ +OO),
o
then as shown in [2], the Sturm-Liouville operator associated with the
gamma variable X and its eigenvalues (\,)nen, are given by

(2.14) Lon, = (x—a)dy —20%, M\, =n, VYncN,.

3. An Equivalence of Sturm Liouville operators

Let Ly be the second order Sturm Liouville operator, given as in
(2.12), associated with the standard Gaussian probability density func-
tion on R. Taking the square of Ly, we have

(3.1) (Lo)* = & (1 + 28,) 0 — 207 — (20, + £02)0, + 8.
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Moreover, denoting f the probability density function associated with
(L2)?, we have, from (2.10), that

f(z) = Cexp {i /Oa: (—2s) ds} = C’e’%,

which is the probability density function of a standard Gaussian distri-
bution, given as in (2.11).

This observation, along with the identity given in (2.9), motivate the
following definition.

DEFINITION 3.1. Let Ly = ZT] )02 and Ly = Zak )0k be

7=1
two Sturm Liouville operators of orders M and N, respectlvely. We say

that Ly and Ljs are equivalent in the sense of Pearson equation (or
simply, equivalent) if

PN = Q(l‘)PM or PM = Q(CC)PN
for some non-zero real-valued polynomial @), where
Pyf(z) = Non(z)f'(z) + (Non(z) — 20n5-1(2)) f(2),
Py f(z) = Mry(2) f'(2) + (M7ar(2) — 270r-1(2)) f (2).

The following lemma generalizes the discussion mentioned at the be-
ginning of this section.

LEMMA 3.2. Let Ly be an N-th order Sturm Liouville operator.
Then, for any m € N, (Ly)™ is equivalent to Ly.

Proof. Let Ly = Zszl or(x)0F be a N-th order Sturm Liouville
operator. The statement is trivial for m = 1. Now, let m > 2 be an
integer. By applying the Leibniz rule, we obtain that

N N
()™ = D o (@5 | - | D ok, ()05
k1=0 km=0

ok, (2) 0 ok, (2) 02 - Dy o, () O

I
Mz
Mz

ki=0  kn=
N N Kk km—14-tki—ji——jm—2

km=0j1=0 Jm—-1=0

k1=0
<k‘1)”_<km1+"'+k1—j1—"'—jm2>
jl jmfl
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X o, (z) (g, (33))(3’1) (o, (x))(jmfl)

% a;fm"l‘kmfl"!‘”"‘!‘kl_jl_"'_jm72_jmfl7
from which we obtain that
e the order of (Ly)™ is obtained by taking the (2m — 1)-tuple
(kl) ey kmvjh "')jm—l) = (N7 ey Nv 07 ey 0))

i.e., (Lny)™ is a differential operator of order mN and (on)™ is
the coefficient polynomial associated with 97,

e the coefficient polynomial associated with 9N ~1 is obtained by
taking the (2m — 1)-tuples (ki, ..., km, J1, .- jm—1) with the values

(N-1,..,N,0,...,0),- ,(N,..,N —1,0,...,0),
(N,..,N,1,..,0),--- (N, ...,N,0,...,1).

Therefore, the polynomial coefficient associated with 97V=1 is given by

WN (on(2)) on ().

It follows that (Ly)™ can be re-written as follows:
(L))" = A+ R(2)37N 1 + (on (@)™ 977,
where A is a differential operator of order at most mN — 2 and
m(m —1
DN (o @) o).

Therefore, by applying (2.9)and constructing the Pearson equation as-
sociated with the Sturm Liouville operator (Ly)™, it follows that

mN (ox(2))"y' + (mN ((on(2))™) = 2R(x)) y
—mN (on @)™y + (mN (m (on (@) (on(@))" ") = 2R(x) )
= m(on ()" (Nox(@)y + (mN (o))

-2 (onste) + N o) ) ) o)

=m (on(x)" ™ (Non(2)y + (N (on(@)) = 20n-1(2)) y) ,

which means that (Ly)™ and Ly are equivalent. O

mon_1(z) (on(z))™ +

R(z) :=mon_1(z) (on(x))™ " +

Notice that the Lemma 3.2 can be generalized as follows

THEOREM 3.3. If L is an N-th order Sturm Liouville operator, then,
for any real-valued polynomial P of degree m > 1, P(Ly) and Ly are
equivalent.
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Proof. Let Ly be an N-th order Sturm Liouville operator given by

N
Ly =) ok(2)d;, on(x)#0,
k=1

where oy (z) is a real-valued polynomial of degree at most k € {1,..., N},
and let P(x) = } 7 c;j27 be a real-valued polynomial of degree m > 1,
that is, ¢, is non—zero. Then it is obvious that P(Ly) is a differential
operator of order mN and we have

m N J
P(Ly) =) ¢ (Z 0k($)al§>

k=0 k=0

m—1 N J N m
=Y ¢ (Z ak(x)a’;> + Cm (Z ak(x)a§> .

k=0 k=0 k=0

Notice the follows: ‘
o it (Zszo ak(w)al,;)] is a differential operator of order at
most (m — 1)N,
L Yo <Z]kvzo ak(:c)ﬁlg)m is a differential operator of order mN (be-
cause ¢, # 0).

Moreover, mN — 1 > (m — 1)N (because N > 2) and the Pearson
equation of order mN, associated with P(Ly) is the Pearson equation
associated with ¢, (Ly)™. By using Lemma 3.2, we can conclude P(Ly)
is Pearson equivalent to L. O

Now, we may ask whether it is possible to find two equivalent Sturm
Liouville operators S and T such that their corresponding probability
density functions are different. The next example gives a positive answer
to this question.

ExXAMPLE 3.4. Let R > 0 be given. Consider the fourth order differ-
ential operator L4 given by

4

(3.2) L= he(2)dk,

k=1

where
(3.3) hi(z) = 2(R+ 1)z — 2R, hy(x) =22 — 2(R + 3)z,
ha(z) = —2z(x —2), ha(z) = 2%
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It is know from Section II1.2 in [11] that L4, given as in (3.2), is a Sturm
Liouville operator associated with the so-called Laguerre—type orthogonal
polynomials, with eigenvalues (A, )nen, given by
An=n(n+2R+1), Vne N

Now, on one hand, using (2.9), the Pearson equation associated with Ly,
given as in (3.2), becomes
(3.4) 0 =42y + (4(22) + 2(22° — 4z))y = 42° (y' +y) .
On the other hand, consider the Sturm Liouville operator Ly = Lo -,
given as in (2.14) (with a = 1), associated with probability distribution
75 Le.
(3.5) Loy, = (z—1)0, — 202
It follows, from (2.9), that the Pearson equation associated with Lo -, is
given by
(3.6) 0=—2xy +(2(-1) —2(z — 1))y = —22(y + ¢/).
Moreover, from (3.4) and (3.6), we have

42* (v +y) =2z (-2z(y+vy)), Vae(0,+00).
Therefore, Ly and Lg,, are equivalent in the sense of the Pearson equa-

tion.

REMARK 3.5. In Example 3.4, even though the Sturm Liouville op-
erators Ly and Lj,, are equivalent, we should point out that the prob-
ability density function ~1, associated with Lo ,,, is not associated with
L4. In fact, if y; were associated with L4, it would satisfy the equation

m! i (@)
B DD Y e () P =
m=k Ji+ja+k=m J1lg2!k! n(@)
for all k € {1,2,3,4}, where
m(z)=€e"", Vze (0,00)

Let us try to verify (3.7) for k = 2. In fact, using the definition of hy(z)
in (3.3), the left hand side of (3.7) becomes

S Y (e 0

o iitioTmg J115212! 7 ()

4
SN P ()
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= Y DR @) = Y (1R ()

Jilge!2!

y 135191
1420 Jij2'2 j1ja=1
o A
1Yy (J1)
+ Z (-1) TR (ha(z))
J1+7j2=2

= ha(z) — 3 (hs(z)" — hg(2)) + (ha(z) + ha(z)" — 12h4(z)")

=2> —2(R+3)z —3{22® — 8z + 4} + (2 + 2 — 24x)

= —42”® — 2(R + 3)x — 10,
which is not equal to ha(x), defined in (3.3). Therefore v; is not as-
sociated with L4 given as in (3.2). Moreover, there is no real-valued
polynomial P such that Ly = P(Ly~,). In deed, suppose that there
exists a real-valued polynomial P such Ly = P(Ly,). Since L., is
a second order Sturm-Liouville operator, P(z) must be of the form

P(x) = ax?® + Bz, where a, 3 are reals. By (3.5) and direct compu-
tation, for any polynomial Q(x), we have

1"

(L2y)? Q(x) = (x — 1)Q'(z) + (2% — bz + 2)Q ()
—2z(z — 2)Q® (z) + 2°QW (w).

Therefore, we obtain that

(3:8) P(Lyy) = a (L2,7)2 + B (L2y)
= (2 — )(a+ B)d + (az? — (5a+ B)x + 22)0?
—2za(z —2)02 + 05

Since P(Lg~) = Ly, it follows from (3.2), (3.3) and (3.8) that

2(R+ 1)z —2R = (z — 1)(a+ B),
22 —2(R+3)z = az? — (5a + B)z + 2a,

—2z(x — 2) = —2za(r — 2),

z? = ax?,

which implies that o = 1 (from the last identity) and o = 0 (from the
second identity). This is a contradiction. Therefore, it is impossible to
construct a real-valued polynomial P, such that P(La,) = La.

REMARK 3.6. H. L. Krall proved in [9] that L4, given as in (3.2), is
self-adjoint with respect to the probability density function fx given by
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(see Example 2.2 in [10])

1
(3.9) fx(z)=C [Rd(m) + exH(x)] , Vze|0,400),
where 0 is the Dirac distribution (also called Dirac delta function) and

H is the Heaviside function defined by

H(x) 1 ifz >0,
)=
0 ifx<0.

Notice that the probability density function fx, given as in (3.9), is not
differentiable in the classical sense, but it is differentiable in distribution
sense.

ProOPOSITION 3.7. Let Ly be an N-th order Sturm Liouville operator
associated with a probability density function fx € C*°(a,b). Then for
any real-valued polynomial P, P(Ly) is associated with fx.

Proof. Since Ly, = Ly with respect to fx, for any m € N, it holds
that

[(Ln)™]" = [(Ln)]™ = (Ln)™
This implies that for any real-valued polynomial P, P(Ly)* = P(Ly).
Let (®y)nen, be the orthogonal system of monic orthogonal polynomials

with respect fx satisfying the eigenvalue problem given as in (2.6). Then
for any n € Ny, it follows from applying P(Ly) to (2.6) that

P(LN)®, = P(\,)®y,.
Therefore, P(Ly) is a Sturm-Liuoville operator associated with fx. O

REMARK 3.8. Motivated by Proposition 3.7, some relations between
two Sturm Liouville operators which are associated with same probabil-
ity density function will be discussed in a separated paper.
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